
University of Toronto Math Academy

Qualifying Quiz 2020

Instructions

We call it a quiz, but it really is a challenge: a chance for you to show us how you
approach new problems and new concepts in mathematics. We care about more than your
final answers: your reasonings, your explanations, and your presentation are as important.

Some of the problems are intended to be hard. We do not expect you to solve every
problem completely. Send us your work, even if it is only partial solutions or conjectures.
There is no time limit on this quiz.

If you need clarifications on a problem, please email zack.wolske@mail.utoronto.ca.
You may not consult or get help from anyone else.

We also think that these problems are fun. Enjoy, and good luck!

The Problems

1. Four people have name tags and trade them so that no one has their own. You can
see all of the name tags. You are allowed to ask two of them their names and they
will tell you. How can you determine the names of all four people?

2. A three digit number abc (in base 10) has a > b > c. The product (abc)(bca)(cab)
ends in 6 and contains the digits {2, 2, 2, 3, 3, 4, 5, 8} in some order. What is abc?

3. You may be familiar with the triangle inequality : a triangle with side lengths a, b, c
always has a + b > c. Prove a tetrahedron inequality : a tetrahedron with face areas
A,B,C,D always has A + B + C > D.

4. Here are three families of quadruples (a, b, c, d). Each quadruple has the property
that a3+b3+c3 = d3. Each family is generated by a certain rule. Determine a pattern
that generates them, and that also generates infinitely many other quadruples with
the same property. Can you find other families like this?

• {(9, 15, 12, 18), (28, 53, 75, 84), (65, 127, 248, 260)}
• {(3, 4, 5, 6), (12, 19, 53, 54), (27, 46, 197, 198)}
• {(3, 10, 18, 19), (12, 31, 102, 103), (27, 64, 306, 307)}

5. Two players play a game on a calendar. The first player chooses a date in January.
Each turn, the next player must choose a later date in the same month, or the same
day in a later month of the year. The player who chooses December 31 loses.



• Determine a winning strategy for the first player in this game.

• Design a calendar with 365 days where the second player has a winning strategy.
Choosing any date with no possible moves causes the player to lose, for example,
if you have a month with 32 days and no other month with at least 32 days,
then choosing that day loses.


